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Abstract 

We construct a connection and a curving on a bundle gerbe associated 
with lifting a structure group of a principal bundle to a central exten- 
sion. The construction is based on certain structures on the bundle, i.e. 
connections and splittings. The Deligne cohomology class of the lifting 
bundle gerbe with the connection and with the curving coincides with the 
obstruction class of the lifting problem with these structures. 

1 Introduction 

Cn ' Lifting the structure group of a principal bundle over X to a central extension 

^ . by the unit circle T = {ueC||u| = l} has an obstruction described by a 

cohomology class in H'^{X,T_) — H^{X,1). We can represent the class using 
the notion of bundle gerbe invented by Murray [|ll| . A lifting problem defines 
[~^ ' a so-called lifting bundle gerbe whose Dixmier-Douady class is the obstruction 

O! class |l|,|l|. 

In ||3[, Brylinski defined a class in the Deligne cohomology group 



in 



H^{X,T 



which expresses an obstruction of the lifting problem with certain geometric 
structures: a connection and a splitting. A splitting is formulated as a map 
of vector bundles associated with the underlying bundle. Using a splitting, 
(yj ■ we define the scalar curvature as the 'scalar component' of the curvature of a 

%^ . connection on a lifting compatible with the connection given. The Deligne coho- 

C^ ' mology class is the obstruction to the construction of a lifting with a compatible 

connection whose scalar curvature vanishes. 

Any bundle gerbe admits differential geometric structures called connections 
and curvings (bundle gerbe curvatures) |0, n2|. A bundle gerbe with such 
structures defines a class in the Deligne cohomology group. This correspondence 
gives a bijection from the stable isomorphism classes of bundle gerbes with these 
structures to the Deligne cohomology group. 

In this paper we construct explicitly a connection and a curving on a lifting 
bundle gerbe which give the same Deligne cohomology class as the obstruction 

*The author's research is supported by Research Fellowship of the Japan Society for the 
Promotion of Science for Young Scientists. 



class. For the purpose we choose a split of the Lie algebra of the central extension 
as a vector space, and use a notion of reduced splitting. If a split of the Lie algebra 
is fixed, then splittings correspond to reduced splittings bijectively. 

Note that a class in H^ {X, Z) is also represented by the other geometric 
object called gerbe [^ §, ^- As an original example of gerbes, the lifting problem 
was investigated by Brylinski in [pj. In a natural fashion a connection and a 
splitting induce differential geometric structures on the gerbe associated with 
the problem. The gerbe with these structures also provides the obstruction class 
of lifting in the Deligne cohomology group. 

As an example we study the loop bundle ||g, ^ LP -^ LAI induced from 
a principal SU{2)-hund\e P -^ M. In this case a connection A on P defines 
both a connection and a reduced splitting of LP. The curving coincides with 
the 2-form on LP defined by Coquereaux and Pilch H in extending a relation 
between 2-forms on the loop group to a relation on LP. As a consequence we 
can relate the curving to the transgression of the Chern-Simons form P|, and 
the 3-curvaturc jlll ll^ to the transgression of the characteristic form defined 
by the connection on P. In addition wc study the case that we have a compact 
oriented 2- manifold E with boundary dH = S^. We construct a lifting of the 
pull-back of LP under the restriction map r : C°°(I],M) — + LAL We give a 
compatible connection, and compute the scalar curvature using the curving. 

Recently, Murray and Stevenson [n3| also described a connection and a curv- 
ing on the lifting bundle gerbe associated with a loop group bundle. They use 
twisted Higgs fields to define curvings. We see that both expressions of the 
reduced splitting and of the curving discussed in our example include twisted 
Higgs fields. 

The organization of this paper is as follows. In Section we introduce Deligne 
cohomology groups. In Section S we first recall ordinary lifting problem. We 
next introduce splitting and scalar curvature, and explain the problem with 
additional structures. We also introduce the notion of reduced splitting here. 
In Section H we overview bundle gerbes. Section contains the main result. We 
construct the connection and the curving on a lifting bundle gerbe. In Section 
we study an example of lifting problems associated with loop bundles. 

2 Deligne cohomology groups 

We introduce Deligne cohomology groups which are certain refinements of usual 
cohomology groups. 

Definition 2.1 (||^). Let n, m be non-negative integers and X a smooth man- 
ifold. We denote the sheaf of T- valued functions by T and the sheaf of R- valued 
diS^erential q- forms by Q!^ . We denote by JF™ the following complex of sheaves 

dlog > — -I d d I — T- „j 



We define the Deligne cohomology group by the hypercohomology group of the 
complex of sheaves H'^{X, JF™). 



Usually hypercohomology groups are computed by Cech cohomology groups 
[^ ^. If we take an open cover it of X, then we have a double complex. One 
coboundary operator comes from that on JF™. Another operator is the Cech 
coboundary operator. We denote by ff"(il, JF™) the cohomology of the total 
complex. The hypercohomology i?"(X, T"^) is isomorphic to the direct limit of 
the Cech cohomology groups with respect to refinements of open covers. If we 
take il as a good cover Q, ||], i.e. all the intersections of a finite number of open 
sets belonging to il are contractible, then we can naturally identify the Cech 
cohomology group iJ"(il, J^™) with the hypercohomology group H^{X,!F"^). 

Theorem 2.2 ([^). We have an exact sequence 

> H''{X,T) > i7"(X,J^") — ^ 2^T^/^n'^+^{X)o * 0, 



where fl"'~^^{X)Q is the group of closed {n + l)-forms on X whose periods are 
integers. The map d is defined by d{g,ijj^, . . . ,a;") = dio"' on the Cech cocycle. 

3 Lifting problems 

In this section we explain the lifting problems and the associated obstruction 
classes. We mainly refer the book of Brylinski M. However, the formulations 
here are slightly different from those in the book. 

Let r be a Lie group. We fix a central extension F of F by the unit circle 

T = {ueC\ \u\ = 1} 

1 > T > f — ^—^ T > 1. (1) 

This induces a central extension of the Lie algebra LieF by LieT = V^M 

> V^R > LicF "^^ > LieF > 0. (2) 

We always identify the elements contained in the center of F and LieF with 
T and \/— IR respectively without mentioning. The Lie brackets of these Lie 
algebras are denoted as [X,y]p and [X, F]r. 

If we replace the center T by C* , then we obtain corresponding results under 
appropriate modifications. 

Definition 3.1 (H). Let tt : i? — > X be a principal F-bundle. A lifting {B,q) 
is a F-bundle tt : B —^ X with an equivariant map q : B ^ B which satisfies 
q(b ■ 7) = q(b) ■ 9(7) for b e B and 7 € f. 

Theorem 3.2 ([g|]). Let {gap} be the transition functions of a T -bundle B — > 
X defined by local sections {sq} with respect to a good cover il. Take 'ga/3 '■ 
C/q n C/;3 — > F such that qi^ap) — gap, and define Zap-y : Ua r\ Up U^ ^ T by 

ZaPj = dapgpjdja- (3) 

(a) The Cech cochain (zap-y) S (^^(il, T) defines a cohomology class in 
H'^{X,T) which depends only on B. 

(b) There is a lifting of B if and only if the class is trivial in H^ (X, T) . 



The proof can be found in the proof of Theorem 3.9 and is omitted. 
Next we consider lifting problems with additional structures. 

Definition 3.3 (||^). Let 6* e fl^{B; UeT) be a connection on a T-bundle B -^ 
X. Suppose that there exists a lifting {B,q) oi B. A connection 9 compatible 
with is a connection on 13 such that q*{0) = q*0. 



Lemma 3.4 ([Q]). The set of connections compatible with 9 is an ajjine space 
under the vector space n^{X; V~1R)- 

Proof. If 9 and 9' are connections compatible with 9, then the difference 6*' — 6* is 
a 1-form on B with values in -;/— IM, the center of the Lie algebra of F. By the 
property of connection, the 1-form on B descends to a 1-form on X. Conversely, 
if a is a 1-form on X with values in -y/^^R, then 9 + 7f*a is a connection on B. 
Clearly this connection is compatible with 9. D 

The Lie group F acts on LieF by the adjoint action. We can lift this action 
to that on LieF as follows. For 7 S F we take an element 7 G F such that 
9(7) = 7- Using the adjoint action of F on LieF, we define Ad^ : LieF -^ LieF 
by Ad^X = Ad;^X. Since the center T acts on LieF trivially, we have Ad::^^ = 
Adu^X for all M G T and Ad^X is well-defined. 

As a result the Lie group F acts on the exact sequence (0), and we obtain 
an exact sequence of the vector bundles associated with a F-bundle B 

» B XAd (\/^R) 

(4) 
> i?x^(jLieF > Bx^dLicF > 0. 

This implies that B y^Ad LieF is isomorphic to the direct sum oi B y. Ad LieF and 
B XAd (%/— TR) = X X (V— IR) as vector bundles. A bundle map which gives 
this isomorphism is a splitting. 

Definition 3.5 (||^). A splitting of S is a vector bundle map 

L:BxAd Lief -^ B XAd (V^R) (5) 

which is identity on the subbundle B XAd (\/— TR). 

Proposition 3.6. The set of splittings of B is an affine space under the vector 
space of sections of the vector bundle Hom(B XAd LieT , X x \/— IR) over X . 

Proof. For a splitting L we put £([&, X]) — \b, L{b, X)]. If splittings L and L' are 
given, then we have a map e : Bx LieF -^ V— IR defined by e{b, X) — L'{b, X) — 
L{b, X). It is easy to see that e is trivial on the subspace B x \/— IR and satisfies 
e{b,X) = e{b'y,Ady-iX). Hence e induces a map B x LieF —> V~1R and gives 
rise to a section of Hom(i? XAd LieF, B XAd (\/~lR))- Conversely, a section of 
the vector bundle produces a new splitting by the translation. D 



By the help of a sphtting, we can extract the "scalar component" from the 
curvature of a compatible connection. Note that for any lifting {B, q) of B we 
have a natural isomorphism Bxaj, LieF ^ B XAd LieF of vector bundles defined 

hy[b,X]^[q(b),X]. 

Definition 3.7 (||^). Let iJ be a lifting of a F-bundle B over X , 6 a connection 
on B, and L a splitting of B. We regard the curvature Fg = dO + ^[6, 6*]^ as a 
2-form on X which takes its values in B XAd LieF ^ B XacL LieF. We define the 
scalar curvature of as a ^/— IM- valued 2-form on X obtained by composing 
the splitting: 

Kg = LoF.. (6) 



Lemma 3.8 ([H]). Let 9 he a connection on a lifting B, and n : B -^ X the 
projection. For a G \/—in^{X) the scalar curvature of 6 + 7r*a is 

Ku^.^c-Kg + da. (7) 

Proof. Since Fg ^,^ = Fg+7r*da and a splitting is the identity on the subbundle 
X X \/^R, we have the result. D 



Theorem 3.9 ([H]). Let B ^ X be a T-bundle with a connection 9 and a 
splitting L. For local sections {sa} with respect to a good cover il, we denote 
the transition functions by gafi and the connection forms by 9a = s* 0. Take 
dap : t/a n C/^ — > F such that q^cjap) = Gap o,nd 9a G ft^{Ua', LieT) such that 
q*{9a) — 9a- We define Zap-y, Uap and Ka by 

gapgp^g^a, 

■/3 - \9al^a9aP + TapV] > (8) 



where p, is the Maurer- Cartan form of F and L : B x LieT -^ \/~^M. is defined 
byLi[b,X]) = %L{b,X)]. 

(a) The Cech cochain {zap-yjUap, Ka) S C^{iX,J-'^) defines a cohomology 
class in H^{X,J^^) which depends only on {B,9,L). 

(b) There exists a lifting of B and a connection compatible with 9 whose 
scalar curvature vanishes if and only if the class is trivial in H^(X,J-'^). 

Proof. First note that the values of Zap-y and Uap are contained in the center of 
F and of LieF respectively as a consequence of the cocycle condition 




Jotf 



= 9aP9p-f, (9) 

- Ad-l9a+9*ap^i, (10) 



where /i is the Maurer-Cartan form of F. For (a), the following equalities ob- 
tained by direct computation show the cocycle condition of {zap-y, Uap, Ka): 

dlogz„/37 = Adg-^iAdg-i5;^/I + Adg-^ig;^/2 + 5;„/2, (11) 



Pe„ = dciiFeJcP + duap. (12) 



f/3 



We can verify that resulting Cech cohomology class is independent of the choice 
of local section Sa and of the choice of gap^ 6 a- The standard argument shows 
that the definition of the class is independent of the choice of il. For (b), if 
we have a lifting and a compatible connection whose scalar curvature vanishes, 
then we have Zap^ = 1 and Uap = using the transition functions and the 
connection forms of the lifting. Because K^ is the local description of the scalar 
curvature, we also have K^ = 0. Hence the Cech cocycle is trivial. Conversely, 
if the class is the coboundary of a Cech cochain {hap, ka), then we put 






?Q/3 — "a/S ga/S, 



(13) 



These data give a lifting B and a compatible connection 9. The scalar curvature 
is calculated as Kg\ij^ = Ka — dka = on each Ua- □ 

In the remainder of this section wc introduce and study an equivalent de- 
scription of a splitting which wc will use in Section ^ 

Definition 3.10. Let a : LicF -^ LieF be a split of the exact sequence (g) as 
vector spaces. We define a map Zcr :T x LicF -^ V^IK by 

Z^(7, X) = Ad^a{X) - cr(Ad^X). (14) 

We call Za the group cocycle for the central extension F, because it indeed 
gives a group 1-cocycle B of F with coefficients in Hom(LieF, V— IM). 

Lemma 3.11. For any 7,77 G F and X G LieT we have 

Z,ijTj,X) = Z,{j,Ad^X) + ZAri,X). (15) 

// a' is the other split, then we have 

Z,,{j, X) - Z,(ci,X) = (a' - a){X - Ad-,X), (16) 

where a' — a is regarded as a linear map LieT -^ \/— IM. 

Proof. We can directly prove these formulas by using the fact that the adjoint 
action of F on the center -\/~lR is trivial. D 

Remark. If a split a is given, then the Lie algebra cocycle for the central ex- 
tension LieF is defined by uj„{X,Y) = [a{X),a{Y)]f - a{[X,Y]r). There is a 
relation between Z„ and curr'. 



d_ 
di 



Z,{e^ptX,Y)=L,,{X,Y). 



Definition 3.12. A reduced splitting of a F-bundle B with respect to a split a 
is defined as a map £„ '■ B x LicF -^ a/— IR wliich is linear on each element of 
B and satisfies 

Uh,X)^Uh-i,M^-iX) + Z,{-i-\X) (17) 

for all (6, X) e B X LieF and 7 e T. 

Notice that the relation ([l7| ) is equivalent to 

4(67, X)= 4(6, Ad^X) + Z,(7,X). (18) 

Thus the cocycle Z^ defines a reduced splitting of the trivial bundle X y.T. 

Theorem 3.13. Let B he a T-hundle and a a split of the Lie algebra. There 
is a bijective correspondence between splittings of B and reduced splittings of B 
with respect to a. 

Proof We write L{[b, X]) ^ [b, L(b, X)] for a sphtting L. For X e LieF we have 

L{b,a{X)) = L{bj,Ad^-ia{X))=L{bj,a{Ad^-iX) + Z^{j-\X)) 
= L{b-f,aiAd^-iX)) + Z,{j-\X). 

Hence we get a reduced splitting with respect to a. Conversely, lei^ £„ be a 
reduced splitting. We can uniquely decompose any element X € LieF as X = 
a{X)+z, where X — q*{X) and z is contained in the center. If we put i^ib, X) = 
4(6, X) + z, then [6, X] ^ [6, 4(6, X)] is a splitting of B. U 

Corollary 3.14. The splittings of B induced from reduced splittings 4 and £„' 
are identical if and only if we have 

e,,{b,X)-i^{b,X) = {a'-a){X) (19) 

for all {b,X) eBx LieF. 

4 Bundle gerbes 

To make this paper self-contained we briefly explain bundle gerbes which were 
originally invented by Murray. Details are in the papers jO, 0|, and we omit 
the proofs. As a bundle gerbe is a geometric object representing a degree 3 
integral cohomology class, a gerbe [pi H, pj is also such a geometric object. The 
relation between gerbes and bundle gerbes can be seen in ||Il|, 113] too. 

A map TT : Y ^ X is called locally split |12| if the following condition 
holds: for every x £ X there is an open set U containing x and a local section 
s : U —^ Y. By the definition a locally split map is surjective. Locally trivial 
fiber bundles give examples of locally split maps. We define the fiber product 
by yPl = {(2/1,2/2) &Y X y|7r(2/i) = 7r(2/2)}. The p-fold fiber product yM is 
similarly defined. We define the projection tt^^ l p ■ ^'^' ^ ylp^i] by omitting 
z-th component. 



Definition 4.1 (||ll|, 13]). Let {P,Y) be a pair consisting of a locally split 
map TT : y — > X and a principal T-bundle P over yPl. A product on P is 
defined by a bundle isomorphism m : 7rj2-f® "'23-^ ~^ """is-P which is associative 
whenever the triple product exists. A pair (P, Y) together with a product on P 
is called a bundle gerbe over X. 

An isomorphism of bundle gerbes (P, Y) and (P', F') is a pair (P, P) where 
F : Y —f Y' is a, fiber preserving map and P : P — + P' is an isomorphism of 
T-bundles which covers the induced map pl^l and commutes with the products 
on P and P'. 

A T-bundle Q over y defines a bundle gerbe ((5(g), F) by S{Q) = 7r*g* ® 
712(5, where Q* is the inverse of the T-bundle Q. A bundle gerbe is called trivial 
if it is isomorphic to {S{Q),Y) for some Q and Y. 

There is a characteristic class for bundle gerbes defined as follows. Let (P, Y) 
be a bundle gerbe over X, and U a sufficiently fine good cover. We abbreviate 
the notation of intersections as Ua^,,,a,^ = Ua^ n • • • n [/q„. Since tt : y — > 
X is locally split, we can take local sections Sa ■ Ua ~^ X. These sections 
induce (sa^sp) : C/q/j -^ y'^l. Because Ua/s is contractible there is a section 
Ca/s ■ Ua0 -^ (sajSfjYP. Using the product on P we have gap^y '■ Uap-y -^ T 
defined by rn{aaj3,<Jf3-y) = (Ja-ygap-y- Then {gaf3-f) defines a cohomology class 
d{P) = d{P,Y) e H'^{X,'r) ^ H^{X,Z) called the Dixmier-Douady class. 

If a bundle gerbe (P, y) over X and a map yj : AT' — > AT are given, then 
we have the pull-back of the bundle gerbe (p*{P, Y) — (((^[^1)*P, (p*Y) over X', 
where (p : ip*Y — > y is the map covering ip. The Dixmier-Douady class is natural 
in the sense that ip*d{P, Y) = d{ip*{P, Y)). 



Theorem 4.2 ([11, 12]). A bundle gerbe {P,Y) over X is trivial if and only 
if the Dixmier-Douady class is trivial in H^ (X, T) = H^ (A, Z) . 

It is known that we can construct bundle gerbes which are not isomorphic but 
have the same Dixmier-Douady class. Hence the notion of stable isomorphism is 
introduced in ]|l2[. The product of bundle gerbes {P,Y) and {P',Y') is defined 
by (P(8) P', y x^ y'). Bundle gerbes (P, Y) and (Q, Z) are stably isomorphic if 
there exist trivial bundle gerbes Ti and T2 such that the bundle gerbes P (g) Pi 
and Q ®T2 are isomorphic. 



Theorem 4.3 ([12]). There is a bijective correspondence between the stable 
isomorphism classes of bundle gerbes over X and iJ^(A, T) ^ H^{X, Z). 

Next we introduce differential geometric structures on bundle gerbes. 



Definition 4.4 (]|ll|, ^). Let {P,Y) be a bundle gerbe over X. 

(a) A connection V on the T-bundle P is called a bundle gerbe connection, 
or a connection, if it is compatible with the product: 7ri2V -I- 7r23V — m*TTl^V . 

(b) A curving for a bundle gerbe connection V is a 2-form / G y/ —Ifl"^ (Y) 
such that Py = — TT*/ -I- TTj/, where Py is the curvature of the connection V on 
the T-bundle P. 



There are a bundle gerbe connection for any bundle gerbe, and a curving for 
any bundle gerbe connection. Note that the choice of bundle gerbe connections 
and curvings is not unique. 

Let Q -^ Y he a, T-bundle. A connection a on Q defines a bundle gerbe 
connection S{a) = — Tr^^a + Tr2a on d{Q). For the bundle gerbe connection we 
can take F^ as a curving. A bundle gerbe with connection and curving is called 
trivial if it is isomorphic to {6{Q), S{a), Fa) for some Q and a. 

For a bundle gerbe with connection and curving (P, V, /) we define a class 
in the Dehgne cohomology group H'^{X,J^'^). On (sa,S/3)*P we have the in- 
duced connection Va/3 — (sa,S/3)*V. Using the section aa0, we put Aap = 
—o^aa^afi- We also put /„ = —s*af- Then {ga/s^y^Aaff, fa) defines a class in 
H'^{X,J^'^). The pull-back of bundle gerbe with connection and curving is de- 
fined by ip*{P, V, /) = (((^I^1)*P, (<^1^1)*V, (fi*f). The Deligne cohomology class 
also satisfies the naturality under the pull-back. 



Theorem 4.5 ([12|). A bundle gerbe with connection and curving is trivial if 
and only if the corresponding class [{gap-y, Aaf3, fa)] is trivial in H^{X,J-'^). 

The notion of stable isomorphism is defined similarly. 



Theorem 4.6 ([12|). There is a bijective correspondence from the stable iso- 
morphism classes of bundle gerbes with connection and curving over X to the 
Deligne cohomology group H^{X,J^^). 

For a curving / of a connection V on {P,Y) there exists S G \/ —1^^ {X) 
such that df = 7r*S. This 3-form is called the 3-curvature of (P, V,/). It is 
known that - — y^yS is a de Rham representative of d{P) £ H^{X,'E). The 
3-curvature is computed from the Deligne cohomology class [{gafiy, Aap, fa)] as 

5 Main results 

First, we recall the lifting bundle gerbe associated with an ordinary lifting prob- 
lem. We fix a central extension F of a Lie group F. 

Definition 5.1 (||ll|, ||]). Let tt : P ^ X be a F-bundle. We define a map 
C : P[^l ^ F by 6iC(foi, 62) = 62- On the pull-back Jb = C*? there is a product 
m : 1^12 J B ® ^^23 J B — > t^isJb induced by the group product in F. This bundle 
gerbe {Jb,B) over X is called the lifting bundle gerbe. 

Theorem 5.2 ([0). The Dixmier-Douady class d{JB,B) e H'^{X,T) of the 
lifting bundle gerbe associated with a lifting problem of a T-bundle B coincides 
with the obstruction class of the lifting problem. 

Proof. Note that (sq., sp)* Jb = g*aR^ ^ where gap is the transition function of P. 
If we take the section as Gap = gap, then we have gap-y = Zapy. □ 



Corollary 5.3 ([11]). A T-bundle B admits a lifting if and only if the lifting 



bundle gerhe {Jb,B) is trivial. 

Now we construct a connection on the lifting bundle gerbe. For the purpose 
we take a split a of the Lie algebra, and use a connection on B and the group 
cocycle Z^ of F. 

Lemma 5.4. Let p, and fi be the Maurer-Cartan forms on F and F respectively. 
If a split a : LieT — > LieT is given, then a connection on the T-bundle q :T —^ T 
is obtained by v^j = 'p, — a{q*fi). The curvature of the connection is F,^^ = 
— ^u!a{n,ti), where lo„ is the Lie algebra cocycle for the central extension LieT 
defined by uj,{X, Y) = [a{X), a{Y)]^ - a([X, Y]r). 

Proof. Since we have g*(/i) = 9*/i, the 1-forni i/^ takes values in \/— IR. The 
basic properties of the Maurer-Cartan form show that the 1-form is a connection 
on the T-bundle. We can easily compute the curvature of this connection using 
the Maurer-Cartan equation. D 

Lemma 5.5. (a) For j E T we have 

L*^Va = ya. (20) 

R%Va = iya + Z,{q{j)-\q*fl). (21) 

(b) For a connection on B we have 

cy^-Ad^-iTTie + TT^d. (22) 



Proof. The formulas (|2C|) and ( |2l| ) are directly proved. The formula (|2^) is 
proved as follows. A tangent vector at (foi, 62) G ^'^' is a pair (Vi, V2) G Th^B(B 
Ti)^B such that tt^Vi — n^V2. The push- forward of the vector under ^ can be 
expressed as C*(^i;^2) = ^C(''i-b2) -^i^' where X12 G LieF = TgF. Then we 
have an equality of tangent vectors V2 — RcibiM) ^1 = -''^12; where X12 denotes 
the fundamental vector field generated by X12. This establishes (p^). D 

Theorem 5.6. Let {B, 9) be a T-bundle with connection. For a split a of the 
Lie algebra, the 1-form Vg_a on Jb defined by 

^e,a^C'^a + P*Z,{C\7rl9), (23) 

is a connection on the lifting bundle gerbe {Jb,B), where p : Jb ^ B^'^' is the 
projection. 

Proof. This theorem is the consequence of the following two formulas: 

^UCl^) + T^hiC^) - m^TlUCy) - -{Pl2 ® P23)*^(^2*3C'\ <2C», (24) 

7:l^Z{Q-\T:ie)+i,*^Z{Q-\^ie) - iTi^z{c\^ie) = Z{7:;,C\^12CP). (25) 
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where pij : tt*jJ -^ B^^^ is the projection induced by the projection p and we 
omit the subscription of Z^ and Va- . To prove the first formula we put a tangent 
vector into both hand sides and compute the values. In the computation we 
use ( pO| ) and (^). Note also the formula m^{vi,V2) — Ry2^,^'^ + -^71* ''^2, where 
771 : r X r ^ r is the group product and Vi £ T^i^ for i = 1,2. The second 
formula is directly checked by (nsh and ^22). D 



Proposition 5.7. Let {B,9) be a T-bundle with connection. If a and a' are 

splits of the Lie algebra, then we have 

Ve,a' - Ve^a = p*K - ^2*) i.{^' - ^){0)) ■ (26) 

Proof. Using Vcr' — v„ = — (cr' — a){q* p) and dig), we obtain 

Ve,.' - Ve,, = -{a' - a)iCq*p) + P*{(t' - a)(7r*0 - Ad^-i7r*0). 

Then the formula follows from C,*q*p = p*C*p. and (^). D 

In order to construct a curving for the connection on the lifting bundle gerbe 
we use a reduced splitting with respect to the split a which we choose to define 
the bundle gerbe connection. 

Lemma 5.8. (a) For a T-valued function g and a LieV -valued 1-form a 
dZc{g^^,a) = Z„{g^^,da) ~ - {uj„{g* p,Adg-ia) + uj„[Adg-ia,g* p)] . (27) 

(b) For 7 G r and X,Y £ LieV we have 

Lj^iAdyX, Ad^Y) - cj^iX, Y) + Z,(7, [X, Y]r). (28) 

Proof. A direct computation proves (a). For (b), using Z^ and the invariance 
of the bracket under the adjoint action, we can rewrite the left hand side of (ESf) 
as Ad-y[cr(X), a(Y)]f - a(Ad-y[X, F]r). Now the right hand side of (||) follows 
from [a(X), aiY)]^ = a([X, r]r) + lu^X, Y). D 

Theorem 5.9. Let {B, 9, L) be a T-bundle with connection and splitting. For 
a split a of the Lie algebra, we define k^.o- S ^Z —Ifl^ (B) by 

^ceAb;V,W) = i^ib,Feib;V,W)), (29) 

where £„ is the reduced splitting with respect to a induced from L. Then the 
curvature of the connection "S/ g_cr is expressed as 

Fve,. = ^1 (l^A^^ 0) + Ke^A - TTa* (l^A^, &) + i^e.aj ■ (30) 

Therefore a curving fg^^ for \I e.a is given by 

fe,a = --^^<j{0,9) - Ke^a. (31) 
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Proof. This is proved by the foUowing formulas 
'1 .„ „A . /I 



Fve..=^l [^oj,iO,0)j-7r; \^-uj,{9,9)j+Z,iC\7rlFo), (32) 
TrlKg^^-TT2Ko^cr = Z„{C''^,TrlFe). (33) 



The first formula follows from ( |22| ) , (g7|) and (|28|) . To prove the second formula 
we put tangent vectors into both hand sides and compute the values. In the 
computation we use (|l^) and the property that the value of a curvature is zero 
for any fundamental vector field. D 

Proposition 5.10. Let {B,9,L) be a T-hundle equipped with connection and 
splitting. If a and a' are splits of the Lie algebra, then we have 

fe,a'-fe^a = -{<j'-<j){d9). (34) 



Proof Easily we have uja' {9, 9) - u}a{9, 9) = [a' - (j){[9,9]t). By Corollary p4 



the reduced splittings la and la' induced from L satisfy (^. Thus we obtain 
Kg^a' — ne.a = (f' ^ '^)iPe)- These formulas prove the proposition. D 

Theorem 5.11. Let {B,9,L) be a T-bundle over X with connection and split- 
ting, and a a split of the Lie algebra. In H^(X,J-^), the Deligne cohomology 
class of [Jb,^ e,cn fe,c!) coincides with the obstruction class of{B,9,L). 

Proof. We show that the Cech cocycles of the Deligne cohomology classes co- 
incide exactly under an appropriate choice. We fix sections {sq} of B with 
respect to a good cover il. First, we take ga/3 to define Zafi-y. Recall the proof of 



Theorem p.2[ We can take the section of {sa,si3)*JB as gap. As a consequence 
Za/3-f = ga/3-f holds. Secondly, to define Uafs we can take 9^ — <j{9a)- Using 
Va and Za we obtain Uap = —{Za{gap~^ ,9a) +5q/3^'ct} — A^p. Lastly, since 

Fg^ ^ a{FgJ + ^l^a{da,da),'^eha,veKa^ia{Sa,FgJ + ^UJai9a,da) = fa- □ 

This theorem directly establishes the following. 

Corollary 5.12. The Deligne cohomology class of {JB,^e,aj fe,a) is indepen- 
dent of the choice of the splits a of the Lie algebra. 



The theorem combined with Theorem 4.5 also gives a corollary which is a 



generalization of Corollary 5.3 



Corollary 5.13. The (B,9,L) admits a lifting with a connection compatible 
with 9 whose scalar curvature vanishes if and only if the induced lifting bundle 
gerbe {Jb,"^ e,a, fe,a) is trivial. 

We describe the relation between the curving and the scalar curvature. 



12 



Proposition 5.14. Let {B,9,L) be a T-bundle with connection and splitting. 
Suppose that B admits a lifting {B,q) and 9 is a connection compatible with 9. 
If we choose a split a of the Lie algebra, then the curving fs^a is expressed as 

fe,a ^Fn~ 7r*Kg, (35) 

where F^ is the curvature of the connection N = 9 — a{q*9) on the T-bundle 
q:B-^B. Moreover, the 3-curvature of {JB,'^e.<T, fe.a) is expressed as 

E = -dK-g. (36) 

Proof. If is a compatible with 9, then the 1-form N takes values in V— IK. 
The basic properties of connection show that N is indeed a connection. It is 
straight to see F^ — Fjy + q*'{cr{Fo) + ^uia{9, 9)). Note that we can regard F^ 
as a 2-form on B. Using this formula and the reduced splitting i^r, we have 

TT*K{b;V,W) = e^{b,Fg{b;V,W))+(FN + ^u;„{9,9)){b;V,W) 
= {FN~fe.a)ib;V,W) 



for V,W e TbB. Differentiating (m), we have (36). D 



Let S be a F-bundle over X, and (p : X' ^ X a, map. By the construction of 
the adjoint bundle, we have a natural isomorphism (p* {B x Ad^'^GT) = {'P*B) XAd 
LieF of vector bundles. Hence a splitting L oi B induces a splitting of (p*B. We 
denote the splitting by tp* L and call it the pull-back of L. 

Theorem 5.15. Let {B,9,L) be a T-bundle over X with connection and split- 
ting, a a split of the Lie algebra, and ip : X' ^^ X a map. We denote the lifting 
bundle gerbes with connection and curving associated with {B,9,L) and with 
(p*{B,9,L) by iJB,'^e,aJe,a) and by iJ^'B,'^^*6,a, f^'e,a) respectively. Then 
there is a natural isomorphism p*{Jb,'^ e,o-, fe,o-) — {J ip' B ^"^ ip' .a , f ip* e .a) ■ 

Proof. The lifting bundle gerbe of the pull-back is by definition J^'b — C'*r, 
where C,' : ((/?*i3)t^l ^ F is defined in the same way as C. li ip : ip* B ^ B \s the 
bundle map covering p, then we have C,' — Co<^'^'. Using this relation, we obtain 
a natural isomorphism (p*{Jb, B) = {J^*B: 'P*B) of bundle gerbes. Because the 
pull-back of the connection 9 is p*9, we can see that the isomorphism maps 
the connection on p*{Jb,B) to that on {Jip-B,'P*B) by (|2^). If the reduced 
splitting £cr : B X LieF -^ V^^R is induced by the splitting L, then the reduced 
splitting induced by the pull-back p*L is £„ o {p x id) : p>*B x LieF -^ y/^R. 
So we obtain (p*fg^a — fip'e,a- by (|2g| ) and (pi|). D 

6 Examples 

We give an important example of lifting problems. We set G = SU{2) and 
denote by LG = C°°{S^, G) the space of loops in G. By the pointwise product 
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LG is an infinite dimensional Lie group known as the loop group |T3|. The Lie 
algebra of the loop group is Lg, the space of loops in the Lie algebra g of G. It is 
well-known that there exists a central extension LG of LG called the Kac-Moody 
group [pi for each fc G Z. We can take a split of Lg such that the Lie algebra 
cocycle is given by 

u;{X,Y)^'^ f TriXdY). (37) 

Wc fix the split and omit subscriptions. 

Proposition 6.1. The map Z : LG x Lg ^ \/—lR introduced in Definition 



3.1L is given by 



Z{j,X) = -'^ f Tr{j-'djX). (38) 

Proof. Using (||) and (||), we have 

Z{j,[X,Y]) = -^^J^TT{j-'dj [X,Y]). (39) 

Because SU{2) is simple, we have g = [g,g]. This implies that Lg C [Lg,Lg\, 
and the proof is completed. D 

We can also obtain this formula by the computation based on an explicit 
construction of the central extension ||l^ . 

If we consider a principal G-bundle tt : P -^ M, then we have a natural LG- 
bundle ttl '■ LP —^ LM called the loop bundle. In this case, a lifting is called a 
string structure and the obstruction class is called the string class |5|, |9[| . 

It is easy to see that a connection A on P induces a connection A on LP by 
A{p; V, W) = A{p{t); V{t),W{t)). Moreover, the connection A gives a reduced 
splitting. 

Proposition 6.2. A connection A on P induces a reduced splitting of LP by 

£ip,X)^-^^Jjrip*AX). (40) 

Proof. It is clear that i is linear if p G LP is fixed. So we show that i satisfies 
Trh. We have the following relation between g-valued 1-forms on 5*^. 



{p-f)*A^Ad^-ip*A + -f-^d-f. (41) 

Since Tr is invariant under the adjoin action of G, the proposition is proved. D 

By the result of previous section we obtain the lifting bundle gerbe with 
connection and curving (^lp,V^,/^). The curving is explicitly given as 

fAip-:V,W) (42) 

fc\/^ f (I. 



Tr iA{p; V)diA{p; W))) - Tr {p*A Fa{p; V, W)) 



111 J qi I 2 
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This 2- form on LP appears in the work of Coquereaux and Pilch [BJ. To 
explain their work, we introduce the transgression maps or averaged evaluations 
for differential forms. Let -F be a compact oriented ni-dimensional manifold, and 
a an n-form on a manifold X. We denote by C°°{F,X) the space of smooth 
maps from F to X. We pull a back by the evaluation map ev : C°°{F, X) x F ^ 
X, and apply the fiber integration to C'^{F,X) x F -^ C°°(i^,X). Then we 
have an {n — 77i)-form Tpa = Jp ev*a on C°°{F, X) and the transgression map 
Tp ■ r2"(X) — > n"-~"^ {C°° {F, X)). The transgression and the exterior derivative 
satisfy Stokes' formula {—l)"^dTpa — Tpda — rgpa. In the case that F = S^ 
we write the transgression map as r^ . 

There is a relation between 2-forms on LG 

--Lu{n,fi) = 27:V^{TL(T + d(3), (43) 

where a e n^{G) and /? E il^{LG) are given by 

k 



247r2 



Trig-'dgy, (44) 



P{t,L^.X) = -^ / Tr(7"id7X). (45) 



^7^2 J SI 



In g , Coquereaux and Pilch described the following relation as a fiberwise 
extension of ([43|): 

fA - 2^V^ {tlCS + dT) , (46) 

where OS G Jl'^(P) is the Chern-Simons form 

±,Tr(A.dA+l^ 



CS = ^^Tr (AAdA+-ylAAAA) (47) 



and T e f]i(LP) is defined by 

T(P; y) = Af Tr (p*A A(p; I-)) . (48) 

Using the formula (EH), we can see that the 3-curvature is S = — 27r-\/— It^^, 
where ^ = gi5-Tr(FA A -Fa) is the characteristic 4-form on M induced by A. 
From this we find the fact known in g that a de Rham representative of the 
string class of the loop bundle is given by the transgression of the 4-form. 

Now we take an oriented compact 2-manifold E with boundary dT, — S^. 
We denote the restriction map by r : C°°(S, M) — > LM. On the pull-back r*LP 
we can construct a string structure as follows. The map space Q — C°°{H,G) 
is a Lie group and tts : C°°(I],P) -^ C°°(I],M) is a principal ^/-bundle. We 
define a map c : C°^{T,P) x G -^LG hy 

c(/,5) = exp^^ f TTirAAdgg-')-(e'^-^sA'\ (49) 
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47r js 



where e^^^^'^ € LG is the Wess-Zumino term 0. If g : LG -^ LG is the 
projection, then we have q{c{f,g)) — dg^^. 

Proposition 6.3. We define a quotient space B^ = C°°(S, P) x LG/ ~ by the 
equivalence relation (/, 7) ~ {f 9:^(1, g)^) for g € Q. If we define a right action 
ofLGhy [/, 7] -77 = [/, 7^] and a projection B^ -^ C°°(I], M) hy[f, 7] i-> 7rs(/), 
then B is a principal LG-bundle. Moreover, if we define gs : B^ — > r* LP by 
9s([/:7]) = (^e(/),c?/ ■ q{^)), then {B^,q^) is a string structure on r*LP. 

Proof. We can check c(/, gh) — c{fg, h)c{f, g) by the Polyakov-Wiegmann for- 
mula of the Wess-Zumino term H. Thus the equivalence relation is well-defined. 
Since the action of g on C°°(i;, P) is free, the fiber of B^. -^ C°°(I], M) is the 
orbit of the right action. Therefore we obtain a principal LG-bundle. It is easy 
to see that qs is an equivariant map, and we obtain a string structure. D 

The existence of string structure implies that the Dixmier-Douady class 
d{Jr'Lp) = f*d{JLp) is trivial and the 3-curvature r*S is exact. If we have a 
connection on By: compatible with r*A, then we can compute a 2-forin cobound- 



ing r*^ by means of Proposition 5.14 



Proposition 6.4. We define a 1-form on C°°(I],P) with values in ^/—IM. by 

7V = -27rV^(TECS'-r*T), (50) 

where r : C°°(S, P) —f LP is the restriction map. Then the 1-form 'y~^{r*A + 
N)^ + 'fl on C°^{T,,P) X LG descends to a connection A on By: compatible with 
r* A whose scalar curvature is 

K^ - ~27rV^TY:t (51) 

Proof. Note that there is the following commutative diagram. 

C°°(S, P) xLG > C°°(S, P) X LG > C°°(S, P) 



By: > r*LP > C°°{Y.,M) 

Here the lows are string structures and the columns are principal ^-bundles. 
Thus, we can investigate the data of the lower string structure by that of the 
upper string structure. It is obvious that the connection 'y~^{r*A + N)^ + 
fl on C°°(I],P) X LG is compatible with the connection 7~^(r*^)7 -I- ^ on 
C°°(E, P) X LG. By computation we can show that these connections descend. 
In particular, the latter connection descends to r* A. Hence we obtain the 
compatible connection A on By- For the computation of the scalar curvature. 



we also use the commutative diagram. By Proposition 5.14 and the formula 

^£(-2^\/^Tse) ^dN- r*fA (52) 

derived from Stokes' formula, we obtain the result. □ 
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We can check that r*S — —dK^ by using Stokes' formula. 

Recently, Murray and Stevenson [^ also described connections and curvings 
on the lifting bundle gerbes associated with loop group bundles. In the case of 
{LP, A) we can verify that V^ coincides with their description. While the 
curving in this paper is given by using a reduced splitting, the curving in |0| 
is given by using a twisted Higgs field. 



Definition 6.5 ( ||13| ). A twisted Higgs field $ on a principal LG-bundle B is 
a function $ : B ^ C°°([0, 2tt],q) such that 



89' 



$b^ = Ad^-i$b + 7-i^, (53) 



where $6 : [0, 2n] ^ g is the image oi b E B. 

On LP we have a twisted Higgs field induced from a connection on P. 

Proposition 6.6. Let B be a loop bundle LP. For p G LP we define $p : 
[0, 27r] -^ 2 by p*A — ^p{6)d6, where S^ is identifi,ed with [0, 27r]. Then ^ is a 
twisted Higgs field on LP. 

Proof. If we use the coordinate 9 £ S^, then the relation ([4l| ) is equivalent to 
the relation (p3). D 



When we express ( |4(]| ) and ( [42| ) using the coordinate g 5*^ , we see that the 
reduced splitting and the curving include the twisted Higgs field. If we use this 
twisted Higgs field in the result of ||l^ , then we have the same curving as (^2) • 
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